Abstract. We prove here that given a proper isometric action K × M → M on a complete Riemannian manifold M then each continuous isometric flow on the orbit space M/K is smooth, i.e., it is the projection of an K-equivariant smooth flow on the manifold M . The first application of our result concerns with the dynamical behaviour of singular Riemannian foliations and Molino's conjecture, which states that the partition of a Riemannian manifold into the closures of the leaves of a singular Riemannian foliation is still a singular Riemannian foliation. We prove Molino's conjecture for the main class of foliations considered in his book, namely orbit-like foliations. As another direct application of our result we remark that, if G is a connected closed group of isometries of the leaf space M/F , then G acts smoothly on the leaf space, as long as F is a closed orbit-like foliation on a compact manifold M .
Introduction
Given a Riemannian manifold M on which a compact Lie group K acts by isometries, the quotient M/K is in general not a manifold. Nevertheless, the canonical projection π : M → M/K gives M/K the structure of a Hausdorff metric space. Moreover, following [14] , one can define a "smooth structure" on M/K to be the R-algebra C ∞ (M/K) consisting of functions f : M/K → R whose pullback π * f is a smooth, K-invariant function on M . If M/K is a manifold, the smooth structure defined here corresponds to the more familiar notion of smooth structure. A map F : M/K → M ′ /K ′ is called smooth if the pull-back of a smooth function f ∈ C ∞ (M ′ /K ′ ) is a smooth function F * f on M/K. These concepts can actually be formulated in the wider context of singular Riemannian foliations. A singular foliation F is called Riemannian if every geodesic perpendicular to one leaf is perpendicular to every leaf it meets. The decomposition of a Riemannian manifold into the orbits of some isometric action is a special example of a singular Riemannian foliation, that is called Riemannian homogeneous foliation. Given a singular Riemannian foliation (M, F ) with compact leaves, one can define a quotient M/F and again endow it with a metric structure and a smooth structure, exactly as for group actions.
In [14, Corollary 2.4] Schwarz proved that given a proper action K × M → M each smooth flow on the orbit space M/K is a projection of an K-equivariant smooth flow on the manifold M , and hence solved the Isotopy Lift Conjecture due to Bredon; see details in [14] .
Our main result concerns with smoothness of continous flow of isometries (i.e., continuous 1-parameter groups of isometries) on orbit spaces. Theorem 1.1. Let M be a complete Riemannian manifold and F be a singular Riemannian foliation. Assume that the leaves of F are orbits of a proper action K × M → M . Let ϕ : M/K × I → M/K be a continuous flow of isometries on the orbit space. Then ϕ is smooth, and hence it is the projection of an K-equivariant flow on M .
Flows of isometries on the leaf spaces of foliations appear naturally in the study of the dynamical behavior of non closed singular Riemannian foliations. Recall that a (locally closed) singular Riemannian foliation (M, F ) is locally described by submetries π α : U α → U α /F α , where {U α } is an open cover of M and F α denotes the restriction of F to U α . If a leaf L is not closed, one might be interested to understand how it intersects a given neighborhood U α , and in particular how the closure L of L intersects U α . It turns out that the projection π α (L ∩ U α ) (that is contained in the local quotient of a stratum) is a submanifold, which is spanned by continuous flows of isometries ϕ α on U α /F α , cf. [10, Thm 5.2] . Therefore, in order to better understand the closure of L, it would be relevant to understand if these flows admit smooth lifts.
The above discussion already suggests that Theorem 1.1 should be a useful tool in the study of dynamical behavior of singular Riemannians foliations and should help to solve Molino's conjecture in important cases. Conjecture 1.2 (Molino) . Let (M, F ) be a singular Riemannian foliation. Then the partition F given by the closures of the leaves of F is again a singular Riemannian foliation.
Molino himself proved the conjecture for regular Riemannian foliations, i.e., foliations where all the leaves have the same dimension; see [10] . In [1] , the first author proved the conjecture for polar foliations, i.e., foliations admitting a totally geodesic submanifold transveral to the regular leaves and which meets every leaf perpendicularly. Recently, the first author and Lytchak remarked in [4] that Molino's Conjecture holds for infinitesimally polar foliations, i.e., foliations for which each point admits a neighborhood on which the restricted foliation is diffeomorphic to a polar foliation (this is equivalent to saying that U α /F α is an orbifold); see also [3] .
In this paper we prove Molino's conjecture for the class of singular foliations considered in his book, namely orbit-like foliations; see [10, p. 210 ] for Molino's description about the state of the art of the known foliations at that time. Recall that a singular Riemannian foliation is called orbit-like foliation, if its restriction to each slice is diffeomorphic to a homogeneous foliation; see Section 3 for definitions, examples and remarks and Appendix A for some properties. Theorem 1.3. Let F be an orbit-like foliation on a complete Riemannian manifold M. Then the closure of the leaves of F is a singular Riemannian foliation.
Together with the known results, Molino's Conjecture now holds true for regular foliations, polar and infinitesimally polar foliations, and homogeneous and orbit like foliations. New foliations can be obtained from these ones by taking products, quotients, or by surgery. This leads us to the following interesting questions:
(1) Can Molino's Conjecture be proved for all the foliations generated by the foliations listed above? In this case, one should be more precise about the exact meaning of "generate". (2) Is there a singular Riemannian foliation on the flat Euclidean space that is not a product of foliations listed above? Roughly speaking, one of the ideas behind the proof of Theorem 1.1 is to reduce the problem to the study of a week solution of certain parabolic equation; see Section 2. In order to prove regularity of this solution, we have used desingularizations of foliations (blow-ups). These methods motivate the following questions: (3) Let ρ : ( M , F ) → (M, F ) be the desingularization of the singular Riemannian foliation F (see the definition in Section 4.1) and let f be a basic function of (M, F ) that is smooth on the principal part of M . Under what conditions does the smoothness of the pull back function ρ * f imply the differentiability of f on M ? (4) Let E be a transverse operator defined on the principal part of M and let f be a smooth basic function on M . Under what conditions is E(f ) a well defined smooth basic function on M ? As we will see in Remark 4.7, each closed group G of isometries of M/F can be lifted to a closed Lie pseudogroup of isometries of an orbifold if M is compact and F is closed and hence, according to Salem [10, Appendix D] , G admits a Lie pseudogroup structure. Therefore Theorem 1.1 and [13, p.64] imply the next corollary. Corollary 1.4. Let F be a closed orbit-like foliation on a compact Riemannian manifold M and G be a connected closed group of isometries of M/F . Then G acts smoothly on M/F .
The above corollary leads us to our last question.
(5) Let F be a closed singular Riemannian foliation on a complete Riemannian manifold M and G be a closed pseudogroup of isometries of M/F . Under which conditions is the action of G on M/F smooth? This paper is organized as follows. In Section 2 we briefly sketch the proofs of Theorems 1.1 and 1.3. In Section 3 we review, based on [5] , some basic concepts such as singular Riemannian foliations, infinitesimal foliations, orbit-like foliations, flows of isometries on leaf spaces. In Section 4 we introduce the main new tools used in the proof of the theorems. In the first part, after reviewing the concept of desingularization of a foliation, we introduce blow-up functions and we prove some regularity results. In the second part, we introduce the concept of reduction of a foliation. In Section 5 we prove Theorem 1.1. Finally in Section 6 we prove Theorem 1.3 using Theorem 1.1 and the results presented in Section 4.
In Appendix A we review the concept of linearized vector fields and discuss some of theirs properties. In particular, we show that a locally closed foliation is linearizable if and only if it is orbit-like.
Sketch of proof of the main results
For the sake of motivation, in this section we provide some ideas of the proofs of the main results. Technical aspects of the proofs will be discussed in later sections of the paper.
2.1. Sketch of proof of Theorem 1.1 in a particular case. In what follows we briefly give an idea of proof of Theorem 1.1 in a particular but important case.
On the Euclidean space R n = X × Y where X = R n−1 and Y = R, let F be the foliation whose leaves are the orbits of a subgroup K of Iso(X) (the group of isometries of X) acting linearly on X, and trivially on Y .
Assume that there exists a C 1 -flow ϕ on R n /F and that Y * := ({0} × Y )/F ∼ = Y is an integral curve of this flow. We want to prove that the flow ϕ is smooth.
We will divide the proof of the smoothness of ϕ into two steps. In the first step, we fix the fiber X 0 := X × {0} and prove the smoothness on X 0 × I. In other words, for each basic function h, i.e., a K-invariant function, we prove that the map (x, 0, t) → ϕ * h(x, 0, t) is smooth. In the second step of the proof, we extend the smoothness of ϕ to the hole R n /K × I. In other words, we prove that the map (x, y, t) → ϕ * h(x, y, t) is smooth for each basic function h. We start the proof fixing q = (0, 0). Then there exists a curve γ(t) ⊂ {0} × Y that projects to Y * . For each fixed t, the flow induces an an isometry
Firstly, recall that the mean curvature vector field H of the principal K-orbits is tangent to every X t , it projects to a well defined vector field on R n /K and its projection is preserved by every isometry φ(t); see [5] .
Secondly, note that isometry φ(t) also preserves the Laplacian operator on the orbit space of the principal strata.
Finally, recall that the Laplacian △ of the principal stratum (X 0 ) princ. can be obtained from the Laplacian △ = △ (X0/K)princ. on its orbit space (X 0 /K) princ. by △h = △h − ∇h, H .
Since φ(t) preserves both summands in the right-hand side of the above equation, we infer that △φ(t) * h = φ(t) * △ h holds in the principal stratum.
Therefore, as remarked in [5] , the following equation holds in a weak sense
where △h denotes the Laplacian operator on X.
. From the equation above the following equation holds in a weak sense
This equation motivates us to consider the results of regularity of parabolic equations to prove that u h : X 0 × I → R is smooth. The regularity theory of parabolic equations requires some compatibility conditions that can be checked using the desingularization of F and some properties of a class of functions that we have called "blow-up functions". Once these conditions have been checked, we can apply the regularity theory and a bootstrap type argument to conclude that u h is smooth on X 0 × I, i.e., the map (x, 0, t) → ϕ * h(x, 0, t) is smooth. Using the inverse function theorem on orbit spaces [14] and the fact that ϕ is a flow, we then prove that the map (x, y, t) → ϕ * h(x, y, t) is smooth. In other words, we prove that ϕ is a smooth flow and this concludes the proof of the theorem in this particular case.
Roughly speaking the proof of the theorem in the general case will consist of finding a way to reduce the problem to the particular case discussed above. We will also have to prove the compatibility conditions, other assumptions and claims that were made here without any explanation. Since F 0 N is homogeneous, we can apply Theorem 1.1 and conclude that ϕ is smooth. The existence of Y follows from Schwarz's Theorem [14] that allows us to lift smooth flows on the orbit space to smooth flows on the manifold. (a) F is a singular foliation, i.e., for each leaf L and each v ∈ T L with footpoint p, there is a smooth vector field Y with Y (p) = v that belongs to X(F ), i.e., that is tangent at each point to the corresponding leaf. (b) F is a transnormal system, i.e., every geodesic perpendicular to one leaf is perpendicular to every leaf it meets.
A leaf L of F (and each point in L) is called regular if the dimension of L is maximal, otherwise L is called singular. In addition a regular leaf is called principal if it has trivial holonomy; for a definition of holonomy, see e.g. [10, page 22] .
A typical example of a singular Riemannian foliation is the partition of a Riemannian manifold into the connected components of the orbits of an isometric action. Such singular Riemannian foliations are called Riemannian homogeneous. In this case the principal leaves coincide with the principal orbits. We will sometimes denote a Riemannian homogeneous foliation, given by the action of a Lie group K, by (M, K), provided the K-action is understood.
If a singular Riemannian foliation (M, F ) is spanned by a smooth action of a Lie group, which does not necessarily act by isometries, then we call such a foliation homogeneous.
3.2.
The infinitesimal foliation at a point. Let (M, F ) be a singular Riemannian foliation. Given a point p ∈ M and some small ǫ > 0, let
be a slice at p, where B ǫ (p) is the distance ball of radius ǫ around p. The foliation F induces a foliation F | Sp on S p by letting the leaves of F | Sp be the connected components of the intersection between S p and the leaves of F . In general the foliation (S p , F | Sp ) is not a singular Riemannian foliation with respect to the induced metric on S p . Nevertheless, the pull-back foliation exp * p (F ) is a singular Riemannian foliation on ν p L p ∩ B ǫ (0) equipped with the Euclidean metric (cf. [10, Proposition 6.5]), and it is invariant under homotheties fixing the origin (cf. [10, Lemma 6.2] ). In particular, it is possible to extend exp
is again Riemannian homogeneous, given by the action of (the identity component of) the isotropy group K 0 p on ν p L p (the slice representation). The converse however is not true: namely, there are examples of non-Riemannian homogeneous foliation all of whose infinitesimal foliations are. Definition 3.2. A SRF F on M is called an orbit-like foliation if for each point q there exits a compact group K q of isometries of ν q L q such that the infinitesimal foliation F q is the partition of ν q L q into the orbits of the action of K q .
Examples of orbit-like foliations are given by the closures of (regular) Riemannian foliations. Other examples can be obtained via a procedure called suspension of homomorphism; for more details see e.g. [10, sec. 3.7] . Example 3.3. Consider a nonhomogeneous manifold Q and let (V = V 1 ×V 2 , F ) be a homogeneous Riemannian foliation given by the orbits of an isometric action of a closed subgroup K ⊆ Iso(V 1 ). Take a homomorphism ρ :
that preserves the foliation F . Then π 1 (Q, q 0 ) acts diagonally on the product M = Q×V where Q is the universal cover of Q and the action on the first factor is the action of deck transformations. Since the action is free, the quotient M := M /π 1 (Q, q 0 ) is a manifold, and there is a map
that makes M the total space of a fiber bundle with base Q. In addition, the fiber is V and the structural group is given by the image of ρ ′ . Finally, the SRF ( M , Q × F ) induces via M → M a SRF (M, F ), which can be proved to be an orbit-like foliation.
3.3.
Smooth structure of a leaf space. Let (M, F ) be a SRF with closed leaves. The quotient M/F is equipped with the natural quotient metric and a natural quotient "C k structure". The C k structure on M/F is given by the sheaf
e., those functions that are constant along the leaves of
When ϕ is smooth, this definition coincides with the definition of Schwarz [14] . 3.5. SRF's with disconnected leaves. Sometimes one has to consider Riemannian foliations with non-connected leaves. This kind of foliations come up naturally: consider for example a Riemannian homogeneous foliation (N, K). Even when K itself is connected, some isotropy subgroup K p might not be, and its orbits under the slice representation might also be disconnected. Therefore the Riemannian homogeneous foliation (ν p (K · p), K p ) would be an example of a disconnected singular Riemannian foliation. In general, a singular Riemannian foliation with disconnected leaves (N, F N ) is a triple (N, F 
New tools
In the following sections we define the main new technical tools used in this paper. These are of independent interest and we hope they might be used in other contexts, from which the decision of devoting a section to them is made.
The first tool is the blow-up of a singular Riemannian foliation. This object has already been studied in [2] , but here we will further the analysis and in particular we will define blow-up functions. The second tool is the concept of local reduction.
4.1.
Blow-up. Let M be a complete manifold, and (M, F ) a SRF with closed leaves. As in the classical theory of isometric actions, it is possible to construct, via compositions of projective blow-up's, a surjective map ρ ǫ : M ǫ → M with the following properties:
• M ǫ is a smooth complete Riemannian manifold foliated by a regular Riemannian foliation F ǫ .
• The map ρ ǫ sends leaves of F ǫ to leaves of F . This map is called a desingularization map. If M/F is compact, then for each small ǫ > 0 one can choose M ǫ and ρ ǫ so that d GH (M ǫ /F ǫ , M/F ) < ǫ where d GH is the Gromov-Hausdorff distance; see [2] .
In this section we briefly recall the construction of the first blow-up along the minimal stratum Σ (see [11, 2, 3] ) and present Proposition 4.4, Proposition 4.9 and Proposition 4.10 that will be used in the proof of the main theorems.
Following a procedure analogous to the blow-up of isometric actions one has the next lemma. 
(c) There exists a singular foliation F on B so thatρ :
is a foliated diffeomorphism. In addition if F is homogeneous then the leaves of F are also homogeneous.
Getting the right metric on B is a bit more complicated.
Lemma 4.2 ([2]
). There exists a metricĝ on B such that F is a SRF.
Let us briefly recall the construction of this metric, that will be important in the proof of the results of this section.
Consider the smooth distribution S on B defined as S exp(ξ) := T exp(ξ) S q where ξ ∈ ν q Σ and S q is a slice of L q at q with respect to the original metric g.
First we find a metricg with the following properties: (a) The distance between the leaves of F on B with respect tog and to respect to g are the same. (b) The normal space of each plaque of F | B (with respect tog) is contained in S. In fact those spaces are the orthogonal projection (with respect to g) of the normal spaces (with respect to g) of F | B . (c) If a curve γ is a unit speed geodesic segment orthogonal to Σ with respect to the original metric g, then γ is a unit speed geodesic segment orthogonal to Σ with respect to the new metricg. We now come to the second step of our construction, in which we change the metricg in some directions, getting a new metricĝ B on B − Σ. First note that, for small ξ ∈ ν q Σ, we can decompose T exp q (ξ) M as a direct sum of orthogonal subspaces (with respect to the metricg)
is the tangent space of the normal sphere exp(
. Now we define a new metricĝ B on B − Σ as follows:
where
. Finally we define the pullback metricĝ :=ρ * ĝB . We have recalled the construction of the blow-up an F -invariant neigbhoorhood B along Σ. We have explained the case where B = Tub r (Σ) because we will only be concerned with this kind of neighborhood B and with this first blow-upρ.
Remark 4.3. For the sake of completeness let us explain the rest of the construction, e.g. when M is compact. We simply glue B with a copy of M − B and construct the space M r (Σ) and the projection ρ r : M r (Σ) → M . A natural singular foliation F r is induced on M r (Σ) in analogy to the blow-up of isometric actions. To define the appropriate metric g r on M r (Σ) consider a partition of unity of M r (Σ) by two functionsf andĥ such that
(2)f andĥ are constant on the cylinders ∂Tub δ ( Σ) for δ < 2r.
Setĝ r :=fĝ +ĥg The desingularization ρ ǫ mentioned in the beginning of this section is then the composition of the blow-up's along the strata. Proof. Since ϕ t maps geodesics orthogonal to the minimal stratum to geodesics orthogonal to the minimal stratum, the liftφ t is well defined and continuous.
Let x be a principal point and H be the transverse space of the leaf L x . Then H is decomposed into a direct sum of subspaces H 1 ⊕ H 2 ⊕ H 3 , where H i = S i ∩ H; for the definition of S i recall equation (4.1). Let H be the transversal space of Lx whereρ(x) = x. Then H also decomposes into a direct sum H j and dρ : ( H j ,ĝ T ) → (H j , g j ) is an isometry whereĝ T is the transverse metric of F and g j is the restriction of transvere metric g T of F to H j , if j = 1 and
Since the function r 2 ξ 2 is invariant under the action of ϕ t we infer thatφ t is a local isometry on (ρ) −1 (B 0 )/ F, where B 0 is the union of principal leaves of B. Using the density of principal points in the quotient space B/ F and the fact that a minimal geodesic segment joining principal points does not contain singular points, we conclude that the eachφ t is a global isometry on B/ F . Remark 4.5. Using blow-ups, one can also check that the derivativeȲ of the flow ϕ is locally bounded (cf. Definition 3.4). In fact, by successive blow-ups one can lift a continuous one parameter local group ϕ on B/F to an isometric flow on an orbifold (see Remark 4.7 below) where they are locally bounded by more classical results, see e.g. [10, Salem appendix D] . Since the blow-up's are distance non-increasing maps between the leaf spaces (see [2, Remark 3.8] ) the result follows.
Although along the paper we will consider foliations F whose leaves are homogeneous but not necessarly Riemannian homogeneous, we present the next result for the sake of completeness. Proposition 4.6. Let (B, G) be a Riemannian homogeneous SRF. Then G acts on B, and there exists a new metricĝ G such that G acts by isometries and ( B, F ) is the Riemannian homogeneous foliation induced by G. The transverse metric of g G coincides with the transverse metric ofĝ.
According to this proposition, in particular, a flow of isometries ϕ on the orbit space B/F can be lifted to a flow of isometriesφ on the orbit space B/ F with respect to the new metricĝ G .
Proof. We first claim that the action of G on each stratum preserves the normal bundle (with respect tog) of each orbit in this stratum. In addition G acts isometrically on the fibers of this bundle. The above claim is a direct consequence of the following facts:
(1) The distribution S is invariant under the action of G.
(2) The normal bundle of the orbits (with respect to the original metric g) is invariant under the action of G. (3) The orthogonal projection (with respect to the original metric g) is also invariant under the action of G. Now, since the action preserves the decomposition H 1 , H 2 and H 3 the claim is also valid for the metricĝ B and hence to the blow-up metricĝ =ρ * ĝB . Finally one can define the new metric aŝ
where ω is a right-invariant volume form of the compact group G. The rest of the proof follows from Proposition 4.4. In what follows we prove two important properties of these functions.
Proof. Let q ∈ Σ. We claim that it suffices to show that , and in order to prove the proposition we need to prove
For each p n , define a frame { e j } of (ker
, where e j (p n ) =
By definition of e j , in order to prove equation (4.3) it suffices to show
for the sequencep n = (r(n), θ(n), z(n)) that converges to the fiber (0, θ, z) .
From the definition of g we have and hence, since g is smooth (see condition (a)), we conclude that
From mean value theorem we also have
Now Eq. (4.6) follows direct from equations (4.7), (4.9) and (4.10).
Let ϕ be a flow of isometries on B/F and consider the flow of isometriesφ on B/ F defined in Proposition 4.4. LetȲ be the associated derivative in the quotient B/F ; recall Definition 3.4. Proof. We must check that the function (Ȳ · h) • ϕ s satisfies the conditions of the Definition 4.8.
Condition (b) of Definition 4.8 follows from hypothesis. Now we want to check condition (a) of Definition 4.8. Note that ϕ z+s •ρ = ρ •φ z+s .
Finally we have to check condition (c) of Definition 4.8. Let γ be a geodesic orthogonal to the minimal stratum Σ andγ ⊂ B a lift of γ. Consider the smooth function g(z, t) := h •ρ(φ s+z (γ(t))). Note thatφ z+s •γ is a horizontal geodesic orthogonal to the lift of Σ and hence thatρ •φ z+s •γ is orthogonal to Σ. This fact and the fact that h ∈ B (in particular satisfies condition (c) of Definition 4.8) imply that ∂ ∂t g(z, 0) = 0. We conclude that
= 0.
Remark 4.11. As we prove Theorem 1.1, it will be clear that the hypothesis in Proposition 4.10, i.e., the smoothness ofφ, is always satisfied when F is homogeneous. Remark 4.13. Notice that dim Y ≤ dim(Σ/F ). Throughout the paper we will be especially interested in the cases dim Y = 1 and dim Y = dim(Σ/F ). More precisely, in the proof of Theorem 1.1 we will take Y to be a curve that projects to an integral curve of the flow ϕ, while for Theorem 1.3 we will consider Y to be a slice of (Σ, F Σ ). Proof. This metric can be constructed as follows. Consider the regular distribution S defined as S z := T z S p where z ∈ N p and S p is the slice through p. According to [2, Proposition 3.1] there exists a metricg on a neighborhood of N so that the normal space of F (with respect tog) is contained in S and the SRF F (with respect tõ g) has the same transverse metric of F (with respect to the original metric). Let Π : T M | N → T N be the orthogonal projection (with respect to original metric) and define a metric on T N as (Π| 
This isometry does not depend on the choice of X, but only on the homotopy class of the integral curve α of X joining q to q ′ , so we refer to τ as τ [α] . Notice that Y can meet L q in several points q i . For every such q i , and every curve α from q to q i contained in a leaf, there is an associated local isometry
Let H be the pseudogroup of N/F 0 N generated by all isometries τ [α] , for all curves α ⊆ L q with initial and final point in N. 
A local reduction satisfies the following nice property that relates the foliated structure of (N, F Let q ′ ∈ L q . By equation (4.11) we note that the p Y -horizontal geodesics α q (t) = exp q tξ(q) , α q ′ (t) = exp q ′ tξ(q ′ ) project to the same geodesic in Y . This implies thatξ(q ′ ) = ξ(q ′ ) for every q ′ ∈ L q and concludes the proof of the claim. By the equifocality property of singular Riemannian foliations (cf. [6] ), α q cannot contain a singular point α q (t 0 ). In fact if such a point existed then there would be two lifts of a geodesic in Y intersecting at α q (t 0 ), contradiction. Therefore α q is always contained in the regular stratum.
By induction on the stratification, one can now prove that ξ restricted to each stratum is foliated, and for every q ∈ N the horizontal geodesic α q is always contained in the same stratum. 
is an isometry, every fiber N p is flat with respect to g 0 . Consider H the distribution orthogonal to the fibers of N. We will change the metric of H in order to get the appropriate metric g N satisfying (a) and (c). Let
Notice that the metric on the fibers of p Y is still g 0 , thus condition (b) remains satisfied. Moreover, the submersion is now Riemannian by construction.
In order to prove that F 0 N is a singular Riemannian foliation, it is enough to compute the Lie derivative L X g N and check that L X g N | H = 0 for each vector field X tangent to the leaves. To this scope, let ξ 1 , ξ 2 be p Y -basic vector fields. By Proposition 4.18 these vectors are foliated, and in particular for every vector field X tangent to the leaves, [ X, ξ i ] is tangent to the leaves as well, i = 1, 2. Since clearly ξ 1 , ξ 2 ∈ H, we can compute 
Proof. The metric projection p Y * sends a point q * to the point p * ∈ Y * which is closest to q * . This is a metric condition, and since φ preserves the metric, in particular it preserves the fibers of p Y * .
Given λ ∈ (0, 1) the homothetic transformation h λ : N p → N p , exp p v −→ exp p λv is a foliated map (cf. [10] ) and one can defineg λ := 
whenever φ(p 1 ) = p 2 .
Isometric flows on orbit spaces: proof of Theorem 1.1
The goal of this section is to prove Theorem 1.1. In particular, we are assuming that the leaves of (M, F ) are the orbits of a smooth proper action of a Lie group K on M .
In order to avoid cumbersome notations, we will denote each basic function h : M → R and the induced function on M/F by the same letter h.
We know that Theorem 1.1 is true when all orbits have the same dimension, see e.g. [10, Salem appendix D] and Swartz [15] . We assume by induction that Theorem 1.1 is true for a number of strata lower or equal to n − 1.
Let q be a point of the minimal stratum, q * ∈ M/F its projection in the quotient, and Y * a neighborhood of q * in the orbit of ϕ through q * . The preimage Y F = π Before we go through the details, let us briefly explain the main idea of the proof. By Remark 4.17, it is enough to show that ϕ is smooth on N/F N × I. In other words, for a given smooth F N -basic function h on N we will prove that ϕ * h is a smooth basic function on N× I with respect to the foliation F N × { * } = {L N × { * }}.
We will divide the proof of the smoothness of ϕ into two steps.
Step 1) We restrict our attention to a fiber X := N q0 of the metric projection p Y : N → Y (cf. Section 4.3), and we prove in Proposition 5.6 that the restriction of ϕ * h to X × I is smooth. The main idea here is to use some some arguments of [5] to check that u h (x, t) := ϕ * h(x, t) is a weak solution of a parabolic equation; see equation (5.4) . We apply regularity theory of solutions of linear parabolic equations to prove that u h is smooth. This theory requires some initial regularity conditions that will be checked using Propositions 4.9 and 4.10; see details in Lemma 5.4.
Step 2) We extend the smoothness of ϕ to the whole N/F N × I using the inverse function theorem for orbit spaces; see [14, page 45] . This is proved in Proposition 5.7. Since we will be working on (N, F N ) instead of (M, F ), we should better make sure that (N, F N ) is still homogeneous.
Lemma 5.1 (The group G). The points on the curve Y have the same isotropy group G := K q . Also note that the restriction of F N to N is the partition of N into the orbits of the action of G.
Proof. Let us denoteφ t a flow of isometries isometry on Y which is a lift of ϕ t ; see e.g. [15] . We want to prove that
Consider the action µ : K q × Y → Y and the induced homomorphism µ : K q → Iso(Y ). Since we are dealing with isotropy groups, in order to prove equation (5.1) it suffices to prove that
We first claim thatφ t µ(K q )φ
On the other hand, since ϕ t is an isometry in the quotient, and in particular sends loops into loops, there exists a unique k 2 ∈ µ(Kφ t(q) ) such that k 2φt (p) =φ t (kp). Therefore, since the same argument applies to other principal points near p (recall that the set of principal points is an open set) we infer that k 1 = k 2 and henceφ t µ(K q )φ
). The proof of the other inclusion is identical and hence the claim has been proved. Now, since Y is contained in a slice at q, we have that Kφ t(q) , K q are compact Lie subgroups and Kφ t(q) ⊂ K q . These facts and the above claim imply equation (5.2). Since X and N t are flat, it follows from [5, Proposition 2.1] that the mean curvature vector fields of the leaves in X and N t project to well defined vector fields in the regular strata of X/F N , N t /F N respectively, and moreover φ(t) := ϕ t sends one vector field to the other. On the other hand since φ(t) is an isometry, it preserves the Laplacian operator in the principal part of X/F N .
Set u h (·, t) := φ(t) * h. From what said above, we obtain that the following equation holds a in weak sense (cf. [5, Lemma 2.5]):
where △h denotes the Laplacian operator of N t applied to the restriction h| Nt .
As in [5, Proposition 2.3], one can prove the next lemma, taking in consideration item (c) of Definition 3.4. 
and thus we have
The goal is to use regularity properties of parabolic equations to prove that u h is smooth in X × I. We first need to prove some initial regularity for u h .
Theorem 5.5 (Regularity of parabolic equations). Assume that g ∈ H 2m+1 (X),
. Suppose also the following m th -order compatibility condition holds:
We can now finally prove the proposition below.
Proposition 5.6. u h is smooth on X × (−ǫ, ǫ). Proof. If Y is a point, then the result was already proved in the previous proposition. Let us assume that Y is not a point. We know from Proposition 5.6 that the restriction
is smooth, and therefore we can apply the inverse function theorem on orbit space (see [14, page 45] ) to conclude that ψ −1 is smooth. Note that, since for each fixed s the function p N/F N • ψ(·, s) is a constant k(s), it is not necessary to reduce N q in order to define ψ −1 . We claim that the diagram below commutes, and hence ϕ is a composition of smooth maps and therefore is a smooth map.
In fact, set z = ψ(x, s). Then we have
This proves the commutativity of the diagram. The smoothness of the arrows of the diagram can be proved using the smoothness of ψ −1 and Schwarz's Lemma [13] ; see also comments in the beginning of proof of the main Theorem [13, Appendix D] when M non compact) it is proved that each closure L is a closed submanifold, and that the partition F = {L} L∈F is a transnormal system, i.e., the leaves of F are locally equidistant (cf. Definition 3.1). In fact, the equifocality of F (cf. [6] ) implies that plaques of F are equidistant to any fixed plaque of L q and so are the plaques of F ; see a similar argument in [2, Proposition 2.13] .
In what follows we will prove that this partition is a smooth singular foliation. Proof. Let us fix a point q ∈ M and consider Σ the stratum containing the point q. Consider a slice D of the (regular) foliation (Σ,
We want to prove that there exists a vector field Y around q, tangent to the leaves of F so that Y (q) = v.
Let (N, F 0 N ) be the local reduction of (M, F ) along the slice D; recall Definition 4. 15 . In what follows we will only make use of the metricg on N introduced in Proposition 4.14, so we will give it as understood. Since F is orbit-like, (N q , F 0 N ) is homogeneous given by the orbits of some group G. By flowing along the foliated basic vector fields defined in Proposition 4.18, we can make G act smoothly on the whole N, even though not by isometries.
Recall that there is a pseudogroup H of local isometries of N/F Note that the restriction ofρ # to the orbitĤ(q) is a surjective smooth map
Moreover, if the differential has rank d at somep ∈Ĥ(q), it will be d on the whole orbitĤ(p) ⊆Ĥ(q), and this implies that the differential ofρq is everywhere constant, and henceρq is a submersion. In particular, given π Let (M, F ) be a singular Riemannian foliation on a manifold M , and let L be a singular leaf. Given p ∈ L, let P p denote a plaque (i.e., a neighborhood of p in L). In [6] new metricsg,g λ and g 0 were created on T ub(P p ) ≃ ν(P p ). Let's point out thatg and g 0 depend on the choice of a family X of vertical vector fields { X 1 , . . . X k } on T ub(P q ) that are everywhere linearly independent and provide a basis for the points of P p . Nevertheless, the metric of g 0 | νpPp is intrinsically defined.
A family X defined as above gives rise to a sub-foliation F 2 , and ag-orthogonal splitting T (T ub(P p )) := A ⊕ B, where A = T F 2 and B is the tangent space to the slices. From now on, we will look at ν p (P p ) instead of T ub(P p ). In particular, if X is a vector field with components X = X A + X B , then X B is always tangent to the fibers, and the restriction to one fiber X B | νq Pp can be seen as a vector field on a vector space.
For P p small enough, νP p ≃ P p × R m , and we can write a point in νP p as a couple (q, v). Again for every vector field X, the projection X B is a vector field tangent to the fibers, so X B | νqPp is a vector field on a vector space.
and let
Example A.2. Consider a SRF foliation F on R n , where {0} is a leaf. Given a smooth vector field X ∈ X(F ) defined around 0, the corresponding linearized vector field is given by
and in particular it is a linear vector field. Moreover, since X L ∈ X(F ), it is tangent to the distance spheres around 0, and therefore
In other words, the linear vector field X L (·) = (∇ (·) X) 0 is determined by a matrix which is skew-symmetric and hence X L is a Killing vector field.
With this example in mind, we can proceed to describe the generic situation:
Proposition A.3. Let P p , T ub(P p ) defined as before, and let π : T ub(P p ) → P p be the closest-point projection map. Let Y ∈ X(F ). Then:
(a) Y L is well defined, and is smooth.
, the linearization of a vector field is a linearized vector field, and the terminology makes sense.
Proof of (a) Notice that this statement is local, and only depends on the structure of vector space on π : T ub(P p ) → P p . Everything can thus be reduced to the case of R n+k → R n , and if X splits as X A + X B , X A ∈ R n , X B ∈ R k , then one can easily see that, as in example A.2, the following holds:
where ∇ is the Euclidean connection. This convergence is pointwise, and the resulting limit is smooth. This implies that the convergence is uniform on compact sets.
Proof of (b) This part follows since every Y λ ∈ X(F ), and therefore Y L = lim λ→0 Y λ belongs to X(F ) as well.
Proof of (c) We compute:
. Proof of (d) Notice first of all that for any q ∈ T ub(P p ), π(q) = lim λ→0 h λ (q) and π * = lim λ→0 h λ * . Let's now compute:
In the second equation we used the invariance of linearized vector fields under homoteties, as proved in the last item. In the third and fourth equation we used the continuity of X L and the observation that π = lim λ→0 h λ .
Proof of (e) This simply follows from the fact that
From the last point in the proposition above it follows that given a family X = { X 1 , . . . X k } of vertical vector fields as above, the "linearized family"
Proposition A.4. Let Y be a linearized vector field on T ub(P p ). Moreover, let X be a family of vector fields as above. Then
where the connection is the Euclidean connection on the fiber
L is a Killing vector field. In addition, if G p is the connected Lie subgroup of of isometries whose Lie algebra is the span of the subspace X(F p )
L then the orbits of G p are the maximal homogeneous subfoliation of the infinitesimal foliation F p . In particular, for locally closed foliations, F p is Riemannian homogenous if and only if the orbits of the closure of G p coincides with the leaves of 
Proof of (a) We know that both Y L and ( Y L ) A belong to X(F ), and so must be ( Y L ) B . Proof of (b) Let's compute:
Since X is linearized, it is preserved under the homothetic transformations, and for every vector x we have (h λ ) * x B = ((h λ ) * x) B . The equation above then becomes
Since Y ∈ X(F ), it is parallel to F 2 at the zero section, and so Y B (q,0) = 0. In particular lim λ→0
where the connection is the Euclidean connection on the fiber ν q P p . Moreover lim λ→0
Therefore taking the limit of the equation above, we get
and the result follows sinceg 1 (q,0) = g B (q,0) . Proof of (c) It follows direct from item (b), from the argument of Example A.2 and from the maximality of G p .
Proof of (d) Since Y L is linearized, by Proposition A.3 it is basic with respect to the projection π : νP p → P p , and in particular its flow preserves the fibers of π. For any general X, the flow of X λ = (h λ ) −1 * X is given by φ t X λ = h Proof of (e) We said in the paragraph above that the flow of Y L is a linear map. Moreover, since the flow preserves the foliation, it preserves the distance between leaves and therefore φ t Y L (v) = v for every v ∈ ν p L. Therefore it is an isometry. Proof of (f ) From the formula at point (b) it follows that π : (T ub(P p ), g 0 ) → (P p , g| Pp ) is a Riemannian submersion. Moreover, the holonomy maps (in the riemannian submersion sense) are flows of linearized vector fields always tangent to A, and therefore they are isometries between fibers. This is equivalent to the fibers being totally geodesic and the S-tensor of the submersion ν(P p ) → P p is zero. Since moreover the horizontal distribution is integrable (the leaves of F 2 are the integral manifolds) then the O'Neill tensor is zero as well. By [9, Theorem 1.4.1], having S ≡ 0, A ≡ 0 implies that the distribution locally splits, and since ν(P p ) can be taken simply connected, then the metric splitting becomes global.
We conclude this section discussing how the above result can be used to understand the relation between the smooth structure of local and global quotient.
Let Iso(ν p L p , F p ) denote the isometries of ν p L p whose elements preserve the infinitesimal foliation F p , i.e., that send leaves to leaves. Let us also denote G p the subgroup of Iso(ν p L p , F p )whose elements fix the leaves of the foliation F p , i.e., that send each leaf to itself (but not necessarly fixing each point of the fixed leaf).
The foliation induced by G p on ν 1 p L will be called the homogeneous kernel of F p . Note that a A SRF (M, F ) is orbit-like at a point p ∈ M if the homogeneous kernel of ν 1 p L is the whole infinitesimal foliation F p . Let L p be a closed leaf through a point p, and let γ : [0, 1] → L p be a closed path in L p with base point p. We want to define a singular holonomy map τ : π 1 (L p , p) −→ Iso(ν p L p , F p )/G p in the following way: take a partition 0 = t 0 < t 1 < . . . < t k = 1 of [0, 1], such that each γ| (ti,ti+1) is contained in a plaque P i , and call p i = γ(t i ). For each plaque, choose a linearized vector field X i on T ub(P i ) such that γ| (ti,ti+1) is an integral curve for X i . According to proposition A.4 above, the flow φ i of X i defines an isometry between the infinitesimal foliations (ν by an element of G p . In particular, it makes sense to define τ γ as the projection of some τ (γ,X0,...,X k−1 ) on Iso(ν p L p , F p )/G p . Notice moreover that if γ 1 and γ 2 are homotopic, then τ γ1 = τ γ2 , and it is well defined a map
Since G p is normal in Iso(ν p L p , F p ), we have that Iso(ν p L p , F p )/G p is a group, and τ is a group homomorphism. Call H the image τ (π 1 (L p , p) ). H acts in a natural way on C Proposition A.5. Let (M, F ) be a SRF, L a closed leaf, and U ǫ a tubular neighborhood of radius ǫ around L. Let S ǫ be a slice at a point p ∈ L, Let (ν p L, F p ) be the infinitesimal foliation at p, and let ρ = exp : ν ǫ L → U ǫ . Then
Proof. the inclusion ⊆ is obvious. As for the inclusion ⊇: take a function f ∈ C ∞ b (ν ǫ p , F p ) H , that we can think of as a function on the slice S p . We are going to construct a basic functionf , defined on the whole U ǫ whose restriction to S p is f . If q is another point of L p , we can definef on S q by joining q and p with a simple curve γ, take a vector field X around γ such that X(γ(t)) = γ ′ (t), extend X locally, to a vertical vector fieldX, and finally take the linearized vector fieldX L . By the results proven above, the flow φXL takes (S q , g 0 ) isometrically to (S p , g 0 ), and one can definef | Sq = (φX L ) * f | Sp . Notice that, since f is constant on the leaves and it is invariant under H, the result does not depend on the choices made andf is well defined. Moreover, by local considerationsf is also smooth, and the proposition is proved.
